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Abstract
The vertex set of a digraph D is denoted by V (D). A c-partite tournament is an orientation of a complete c-partite graph. In
1991, Jian-zhong Wang conjectured that every arc of a regular 3-partite tournament D is contained in directed cycles of all lengths
3, 6, 9, . . . , |V (D)|. This conjecture is not valid, because for each integer t with 3 t |V (D)|, there exists an inﬁnite family of
regular 3-partite tournaments D such that at least one arc of D is not contained in a directed cycle of length t.
In this paper, we prove that every arc of a regular 3-partite tournament with at least nine vertices is contained in a directed cycle
of length m, m + 1, or m + 2 for 3m5, and we conjecture that every arc of a regular 3-partite tournament is contained in a
directed cycle of length m, (m + 1), or (m + 2) for each m ∈ {3, 4, . . . , |V (D)| − 2}.
It is known that every regular 3-partite tournament D with at least six vertices contains directed cycles of lengths 3, |V (D)| − 3,
and |V (D)|. We show that every regular 3-partite tournament D with at least six vertices also has a directed cycle of length 6, and
we conjecture that each such 3-partite tournament contains cycles of all lengths 3, 6, 9, . . . , |V (D)|.
© 2006 Elsevier B.V. All rights reserved.
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1. Terminology and examples
The vertex set of a digraph D is denoted by V (D). If xy is an arc of a digraph D, then we write x → y and say x
dominates y. If X and Y are two disjoint subsets of V (D) such that every vertex of X dominates every vertex of Y, then
we say that X dominates Y, denoted by X → Y . Furthermore, XY denotes the property that there is no arc fromY to
X. The out-neighborhood N+(x) of a vertex x is the set of vertices dominated by x, and the in-neighborhood N−(x)
is the set of vertices dominating x. The numbers d+(x) = |N+(x)| and d−(x) = |N−(x)| are the outdegree and the
indegree of the vertex x, respectively. A digraph D is called regular or r-regular if d+(x)=d−(x)= r for all x ∈ V (D).
By a cycle or path we mean a directed cycle or directed path. A cycle of length m is an m-cycle. A digraph D is called
strongly connected, or more simply strong, if for every two distinct vertices u and v of D, there is a path from u to
v in D. A cycle or path in a digraph D is Hamiltonian if it includes all the vertices of D. A c-partite or multipartite
tournament is an orientation of a complete c-partite graph.
In 1991, Jian-zhong Wang [5] posed the following conjecture.
Conjecture 1.1 (Wang [5]). Every arc of a regular 3-partite tournament D is contained in cycles of all lengths
3, 6, 9, . . . , |V (D)|.
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The following examples will show that Conjecture 1.1 is not valid in general.
Example 1.2 (Volkmann [3]). We start with a well-known regular 3-partite tournament. Let V1, V2, and V3 be the
partite sets of the 3-partite tournament D such that |V1| = |V2| = |V3| = r2 and
V1 → V2 → V3 → V1.
It is evident that D is r-regular and that D has only cycles of lengths 3, 6, 9, . . . , |V (D)| = 3r .
Next, let u1u2u3u1 be a 3-cycle of D such that ui ∈ Vi for i = 1, 2, 3. If we replace in D the cycle u1u2u3u1 by
the cycle u1u3u2u1, then we obtain again an r-regular 3-partite tournament D1. However, it is easy to see that the arcs
u1u3, u3u2, and u2u1 in D1 are not contained in a cycle of length 6, 9, . . . , |V (D1)| = 3r .
Finally, let u1u2u3w1w2w3u1 be a 6-cycle of D such that ui, wi ∈ Vi for i = 1, 2, 3. If we replace in D the cycle
u1u2u3w1w2w3u1 by the cycle u1w3w2w1u3u2u1, then we arrive at an r-regular 3-partite tournament D2. Clearly, the
arcs u1w3, w3w2, w2w1, w1u3, u3u2, and u2u1 in D2 are not contained in a 3-cycle.
Example 1.2 even shows that for each integer t with 3 t |V (D)|, there exists an inﬁnite family of regular 3-partite
tournaments D such that there are at least three arcs in D which are not contained in a cycle of length t.
Example 1.3 (Volkmann [2]). LetF be the inﬁnite family of 3-partite tournaments with the partite sets V1 =V ′1 ∪V ′′1 ,
V2 = V ′2 ∪ V ′′2 , and V3 = V ′3 ∪ V ′′3 , such that for some integer p1, the sets have sizes |V ′1| = 3p, |V ′′1 | = p,
and |V ′2| = |V ′′2 | = |V ′3| = |V ′′3 | = 2p. Furthermore, assume that V ′2 ∪ V ′3 as well as V ′′2 ∪ V ′′3 generate p-regular
bipartite tournaments D1 and D2 such that V ′′2 → V ′3,V ′′3 → V ′2, V (D2) → V ′′1 → V (D1), and V (D1) →
V ′1 → V (D2). Obviously, each such 3-partite tournament is 4p-regular, and the vertices of V ′′1 are not contained
in a 3-cycle.
Example 1.3 shows that there exists an inﬁnite family of regular 3-partite tournaments that even has vertices which
are not contained in a 3-cycle.
The next lemma is well-known and easy to prove.
Lemma 1.4. If D is a regular c-partite tournament with the partite sets V1, V2, . . . , Vc, then |V1| = |V2| = · · · = |Vc|.
2. Cycles through a given arc
Theorem 2.1. If D is a regular 3-partite tournament, then every arc of D is contained in a 3- or 4-cycle.
Proof. LetV1, V2, andV3 be the partite sets of D, and let ab be an arbitrary arc of D such that, without loss of generality,
a ∈ V1 and b ∈ V2. Suppose that the arc ab is not contained in a 3-cycle. It follows that N+(b) ∩ N−(a) = ∅, and
thus, N+(b) ∩ V1 = ∅, N−(a) ∩ V2 = ∅, N+(b) ∩ V3 = ∅, and N−(a) ∩ V3 = ∅. If there is an arc from N+(b) to
N−(a), then ab is contained in a 4-cycle. It remains the case that ((N−(a) ∩ V2) ∪ (N−(a) ∩ V3)) → (N+(b) ∩ V1).
This leads to N−(u) ⊇ N−(a) ∪ {b} for each u ∈ (N+(b) ∩ V1), a contradiction to the regularity of D. 
Theorem 2.2. If D is an r-regular 3-partite tournament with r2, then every arc of D is contained in a 4-, 5-, or
6-cycle.
Proof. LetV1, V2, andV3 be the partite sets of D, and let ab be an arbitrary arc of D such that, without loss of generality,
a ∈ V1 and b ∈ V2. In view of Lemma 1.4, we note that |V1| = |V2| = |V3| = r . According to Theorem 2.1, the arc ab
is contained in a 3- or 4-cycle. If ab is contained in a 4-cycle, then we are done. If not, then ab is contained in a 3-cycle
abca. We deﬁne V ′1 = V1 − {a}, V ′2 = V2 − {b}, and V ′3 = V3 − {c}.
Case 1: Let N−(a) − {c} = V ′2. Since ab is not contained in a 4-cycle, we deduce that N+(c) = V1. If there is an
arc from V ′1 to V ′2, then ab is contained in a 5-cycle. It remains the case that V ′2 → V ′1. In this situation we observe for
every w ∈ V ′2 that N+(w) ⊇ V ′1 ∪ {a, c}, and we obtain the contradiction d+(w) |V ′1| + 2 = r + 1.
Case 2: Let N−(a) = V3.
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Subcase 2.1: Let N+(c) = V1. If there is an arc from V ′1 to V ′3, then ab is contained in a 5-cycle. It remains the case
that V ′3 → V ′1. The r-regularity of D implies V ′1 → V ′2. If there is an arc from V ′2 to V ′3, then ab is contained in a 6-cycle.
If not, then it follows that V ′3 → V ′2. Using the hypothesis r2, we obtain the contradiction
d+(w) |V ′1| + |V ′2| + 1 = 2r − 1r + 1
for each w ∈ V ′3.
Subcase 2.2: LetN+(c)−{a}=V ′2. If there is an arc fromV ′2 toV ′3, then ab is contained in a 5-cycle. It remains the case
that V ′3 → V ′2. For every w ∈ V ′2, this yields N−(w) ⊇ V ′3 ∪{a, c} and thus the contradiction d−(w) |V ′3|+2= r +1.
Subcase 2.3: Let N+(c) ∩ V ′2 = ∅ and N+(c) ∩ V ′1 = ∅. If there is an arc from N+(c) ∩ (V ′1 ∪ V ′2) to V ′3, then
ab is contained in a 5-cycle. It remains the case that V ′3 → (N+(c) ∩ (V ′1 ∪ V ′2)). Since there exists an arc between
N+(c) ∩ V ′1 and N+(c) ∩ V ′2, we arrive at a contradiction to the r-regularity of D.
Case 3: Let N−(a) ∩ V ′2 = ∅ and N−(a) ∩ V ′3 = ∅.
Subcase 3.1: Let N+(c)=V1. If there is an arc from V ′1 to N−(a)∩ (V ′2 ∪V ′3), then there exists a 5-cycle through ab.
It remains the case that (N−(a) ∩ (V ′2 ∪ V ′3)) → V ′1. Since there exists an arc between N−(a) ∩ V ′2 and N−(a) ∩ V ′3,
we arrive at a contradiction to the r-regularity of D.
Subcase 3.2: Let N+(c) ∩ V ′2 = ∅ and N+(c) ∩ V ′1 = ∅. Since ab is not contained in a 4-cycle, we deduce that
N−(a)∩N+(c)=∅. If there exists an arc from N+(c)∩V ′1 to N−(a)∩ (V ′2 ∪V ′3), then ab lies on a 5-cycle. It remains
the case that (N−(a) ∩ (V ′2 ∪ V ′3)) → (N+(c) ∩ V ′1). Thus, the r-regularity of D implies
(N+(c) ∩ V ′1) → ((V ′3 − N−(a)) ∪ (V ′2 − N−(a))).
If there exists an arc from N+(c)∩V ′2 to N−(a)∩V ′3, then ab is contained in a 5-cycle. Otherwise, we have (N−(a)∩
V ′3) → (N+(c) ∩ (V ′1 ∪ V ′2)). It follows from the r-regularity of D that
(N−(a) ∩ V ′2) → (N−(a) ∩ V ′3). (1)
If there exists an arc from V ′3 − N−(a) to N−(a) ∩ V ′2, then ab is contained in a 6-cycle. Consequently, we investigate
ﬁnally the case that
(N−(a) ∩ V ′2) → (V ′3 − N−(a)). (2)
We conclude from (1) and (2) that
(N−(a) ∩ V ′2) → (V ′3 ∪ {a, c}),
a contradiction to the r-regularity of D, and the proof is complete. 
Theorem 2.3. If D is an r-regular 3-partite tournament with r3, then every arc of D is contained in a 5-, 6-, or
7-cycle.
Proof. Let V1, V2, and V3 be the partite sets of D, and let a1b1 be an arbitrary arc of D such that, without loss
of generality, a1 ∈ V1 and b1 ∈ V2. In view of Lemma 1.4, we note that |V1| = |V2| = |V3| = r . According to
Theorem 2.2, the arc is contained in a 4-, 5-, or 6-cycle. If a1b1 is contained in a 5-, or 6-cycle, then we are done.
If not, then a1b1 is contained in a 4-cycle C4.
Case 1: LetC4=a1b1a2b2a1 such that a2 ∈ V1 and b2 ∈ V2. Nowwe deﬁneV ′1=V1−{a1, a2} andV ′2=V2−{b1, b2}.
If N−(a1) ∩ N+(b2) = ∅, then there is a 5-cycle through the arc a1b1. Thus, we assume in the following that
N−(a1)∩N+(b2)=∅. Since |V ′2|= r −2, we observe that N−(a1)∩V3 = ∅. If there is an arc from a2 to N−(a1)∩V3,
then a1b1 is contained in a 5-cycle. So, we assume that (N−(a1)∩V3) → a2. If there is an arc from b1 to N−(a1)∩V3,
then a1b1 is contained in a 5-cycle. So, we assume further that (N−(a1) ∩ V3) → b1. This leads to
(N−(a1) ∩ V3) → {a1, b1, a2, b2}. (3)
Subcase1.1: Let (N−(a1)−{b2}) ⊂ V3. ThenV3−N−(a1) consists of one vertex, sayw, andN+(b2)−{a1}=V ′1∪{w}.
If there is an arc from V ′1 to V3 − {w}, then a1b1 is contained in a 6-cycle. It remains the case that (V3 − {w}) → V ′1.
For every vertex x ∈ (V3 −{w}), it follows from (3) that N+(x) ⊇ V ′1 ∪{a1, b1, a2, b2}. This leads to the contradiction
d+(x)r + 2.
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Subcase 1.2: Let N+(b2) ∩ V ′1 = ∅. Then V3 − N+(b2) consists of one vertex, say u, and (V ′2 ∪ {u}) → a1. If there
is an arc from V3 − {u} to V ′2, then a1b1 is contained in a 6-cycle. If not, then we have V ′2 → (V3 − {u}). Since D is
r-regular, it follows that u → V ′2, and (3) yields the contradiction d+(u)r + 2.
Subcase 1.3: Let N−(a1) ∩ V ′2 = ∅ and N+(b2) ∩ V ′1 = ∅. If there is an arc from N+(b2) − {a1} to N−(a1) − {b2},
then a1b2 is contained in a 6-cycle. Thus, we assume in the following that (N−(a1) ∩ (V ′2 ∪ V3)) → (N+(b2) ∩ V ′1)
and (N−(a1) ∩ V ′2) → (N+(b2) ∩ V3). Since D is r-regular, it follows that (N−(a1) ∩ V3) → (N−(a1) ∩ V ′2) and
(N+(b2)∩V ′1) → (V ′2−N−(a1)). If there is an arc fromV ′2−N−(a1) toN−(a1)∩V3, then a1b1 is contained in a 7-cycle.
So, it remains the case that (N−(a1) ∩ V3) → (V ′2 − N−(a1)). Now (3) implies that N+(x) ⊇ (V ′2 ∪ {a1, b1, a2, b2})
for each x ∈ (N−(a1) ∩ V3), a contradiction to the r-regularity of D.
Case 2: LetC4=a1b1c1b2a1 such that c1 ∈ V3 and b2 ∈ V2. In this case we deﬁne V ′1=V1−{a1}, V ′2=V2−{b1, b2},
and V ′3 = V3 − {c1}. If N−(a1) ∩ N+(b2) = ∅, then there is a 5-cycle through the arc a1b1. Thus, we assume in the
following that N−(a1) ∩ N+(b2) = ∅.
Subcase 2.1: Let a1 → c1. Since |V ′2| = r − 2, it follows that N−(a1) ∩ V ′3 = ∅.
Subcase 2.1.1: Let N+(b2) = V1. It follows that N−(a1) ∩ V ′3 = V ′3. If there is an arc from V ′1 to V ′3, then a1b1 is
contained in a 6-cycle. If not, then N+(x) ⊇ (V ′1 ∪ {a1, b2}) for each x ∈ V ′3, a contradiction to the r-regularity of D.
Subcase 2.1.2: Let N+(b2)∩V ′3 = ∅. Since N−(a1)∩V ′3 = ∅, this yields N+(b2)∩V ′1 = ∅ and N−(a1)∩V ′2 = ∅.
If there is an arc from N+(b2) − {a1} to N−(a1) − {b2}, then a1b1 is contained in a 6-cycle. Thus, we assume that
(N−(a1) ∩ (V ′2 ∪ V ′3)) → (N+(b2) ∩ V ′1) and (N−(a1) ∩ V ′2) → (N+(b2) ∩ V ′3). Since D is r-regular, it follows that
(N−(a1) ∩ V3) → (N−(a1) ∩ V ′2) and (N+(b2) ∩ V ′1) → (V ′2 − N−(a1)). If there is an arc from V ′2 − N−(a1) to
N−(a1)∩V ′3, then a1b1 is contained in a 7-cycle. Otherwise, we deduce that N+(x) ⊇ V ′2 ∪ (N+(b2)∩V ′1)∪ {a1, b2}
for every x ∈ (N−(a1) ∩ V ′3), a contradiction to the r-regularity of D.
Subcase 2.2: Let c1 → a1.
Subcase 2.2.1: Let (N−(a1) − {b2, c1}) ⊆ V ′3 and N+(b2) = V1. If there is an arc from V ′1 to N−(a1) ∩ V ′3, then
a1b1 is contained in a 6-cycle. If not, then N+(x) ⊇ (V ′1 ∪ {a1, b2}) for each x ∈ (N−(a1) ∩ V ′3), a contradiction to
the r-regularity of D.
Subcase 2.2.2: Let (N−(a1) − {b2, c1}) ⊆ V ′3 and N+(b2) ∩ V ′3 = ∅. Then, there is exactly one vertex in V ′3, say u
and exactly one vertex in V ′1, say w such that w → b2 → u. If there is an arc from V ′1 − {w} to V ′3 − {u}, then a1b1 is
contained in a 6-cycle. It remains the case that (V ′3 − {u}) → (V ′1 − {w}). The r-regularity implies V ′2 → (V ′3 − {u}).
If there is an arc from V ′1 − {w} to V ′2 or from u to V ′2, then a1b1 is contained in a 7-cycle, and if there is an arc from
c1 to V ′2, then a1b1 is contained in a 5-cycle. Otherwise, because of r3,we deduce that
d+(x) |V ′3 − {u}| + |V ′1 − {w}| + |{c1, u}| = 2r − 2r + 1
for each x ∈ V ′2, a contradiction to the r-regularity of D.
Subcase 2.2.3: Let N−(a1)∩V ′2 =V ′2 and N+(b2)∩V ′3 =V ′3. If there is an arc from V ′3 to V ′2, then a1b1 is contained
in a 6-cycle. It remains the case that V ′2 → V ′3. The r-regularity yields (V ′1 ∪ {c1}) → V ′2. If there is an arc from c1
to V ′1, then a1b1 is contained in a 5-cycle. Hence, we assume that V ′1 → c1. The r-regularity leads to b1 → V ′1. If we
choose a vertex x ∈ V ′1, then we arrive at the 5-cycle a1b1xc1b2a1 through a1b1.
Subcase 2.2.4: Let N−(a1)∩V ′2 =V ′2 and N+(b2)∩V ′1 =V ′1. If there is an arc from V ′1 to V ′2, then a1b1 is contained
in a 6-cycle. It remains the case that V ′2 → V ′1. The r-regularity yields V ′3 → V ′2. If there is an arc from V ′1 to V ′3,
then a1b1 is contained in a 7-cycle. If not, then it follows that N+(x) ⊇ (V ′1 ∪ V ′2 ∪ {b2}) for each x ∈ V ′3, and we
arrive at the contradiction d+(x)r + 1.
Subcase 2.2.5: Let N−(a1) ∩ V ′2 = V ′2, N+(b2) ∩ V ′1 = ∅, and N+(b2) ∩ V ′3 = ∅. If there is an arc from N+(b2) ∩
(V ′1∪V ′3) toV ′2, then a1b1 is contained in a 6-cycle. It remains the case thatV ′2 → (N+(b2)∩(V ′1∪V ′3)). The r-regularity
yields (((V ′3 ∪ V ′1) − N+(b2)) ∪ {c1}) → V ′2 and (N+(b2) ∩ V ′3) → b1 and thus, V ′1 → c1. If there is an arc b1y with
y ∈ (N+(b2) ∩ V ′1), then there exists the 5-cycle a1b1yc1b2a1. Otherwise, we have (N+(b2) ∩ V ′1) → b1. Since D is
r-regular, we deduce that b1 → (V ′1 − N+(b2)). If we choose a vertex x ∈ (V ′1 − N+(b2)), then we ﬁnd the 5-cycle
a1b1xc1b2a1 through a1b1.
Subcase 2.2.6: Let N−(a1) ∩ V ′2 = ∅, N−(a1) ∩ V ′3 = ∅, and N+(b2) ∩ V ′1 = V ′1. If there is an arc from V ′1 to
N−(a1) ∩ (V ′2 ∪ V ′3), then a1b1 is contained in a 6-cycle. It remains the case that (N−(a1) ∩ (V ′2 ∪ V ′3)) → V1. Since
there exists an arc, say xy, with x ∈ (N−(a1)∩V ′2) and y ∈ (N−(a1)∩V ′3), we arrive at the contradiction d+(x)r+1.
Subcase 2.2.7: Let N−(a1) ∩ V ′2 = ∅, N−(a1) ∩ V ′3 = ∅, N+(b2) ∩ V ′1 = ∅, and N+(b2) ∩ V ′3 = ∅. If there
is an arc from N+(b2) ∩ (V ′1 ∪ V ′3) to N−(a1) ∩ (V ′2 ∪ V ′3), then a1b1 is contained in a 6-cycle. It remains the case
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that (N−(a1) ∩ (V ′2 ∪ V ′3)) → (N+(b2) ∩ V ′1) and (N−(a1) ∩ V ′2) → (N+(b2) ∩ V ′3). The r-regularity implies
((V ′2 ∪V ′3)−N+(b2)) → (N−(a1)∩V ′2). If x is an arbitrary vertex in N+(b2)∩V ′1, then x has at most one in-neighbor,
say u, in V ′2 −N−(a1). If there is an arc from (V ′2 −{u})−N−(a1) to N−(a1)∩V ′3, then a1b1 is contained in a 7-cycle.
If not, then let w ∈ (N−(a1) ∩ V ′3). We deduce that
N+(w) ⊇ (V ′2 − {u}) ∪ (V ′1 ∩ N+(b2)) ∪ {a1, b2},
and thus, we obtain the contradiction d+(w)r+1when |V ′1∩N+(b2)|2. It remains the case thatV ′1∩N+(b2)={x}.
This yields N−(a1) ∩ V ′3 = {w}, N−(a1) ∩ V ′2 = V ′2 − {u}, and u → x. If there is an arc from c1 to V ′1 − {x}, then
a1b1 is contained in a 5-cycle. Otherwise, we have (V ′1 − {x}) → c1. If there is an arc b1y with y ∈ (V ′1 − {x}),
then there is the 5-cycle a1b1yc1b2a1. If not, then we conclude that (V ′1 − {x}) → b1. The r-regularity of D implies
(V ′3 − {w}) → (V ′1 − {x}). If z ∈ (V ′3 − {w}), v ∈ (N−(a1) − {u}), and y ∈ (V ′1 − {x}), then a1b1c1b2zyva1 is a
7-cycle through the arc a1b1.
Case 3: Let C4 = a1b1a2c1a1 such that a2 ∈ V1 and c1 ∈ V3. Now we deﬁne V ′1 = V1 − {a1, a2}, V ′2 = V2 − {b1},
and V ′3 = V3 − {c1}. If N−(a1) ∩ N+(c1) = ∅, then there is a 5-cycle through the arc a1b1. Thus, we assume in the
following that N−(a1) ∩ N+(c1) = ∅.
Subcase 3.1: Let b1 → c1.
Subcase 3.1.1: Let N−(a1) ∩ V ′2 = V ′2. This implies N+(c1) ∩ V ′2 = ∅, and consequently, there is a 5-cycle through
the arc a1b1.
Subcase 3.1.2: Let N−(a1)∩V ′3 =V ′3 and N+(c1)∩V ′2 =V ′2. If there is an arc from V ′2 to V ′3, then a1b1 is contained
in a 6-cycle. Therefore, it remains the case that V ′3 → V ′2. If x ∈ V ′2, then we observe that N−(x) ⊇ V ′3 ∪ {a1, c1}, and
we arrive at the contradiction d−(x)r + 1.
Subcase3.1.3:LetN−(a1)∩V ′3=V ′3,N+(c1)∩V ′1 = ∅, andN+(c1)∩V ′2 = ∅. If there is an arc fromN+(c1)∩(V ′1∪V ′2)
to V ′3, then a1b1 is contained in a 6-cycle. Therefore, it remains the case that V ′3 → (N+(c1) ∩ (V ′1 ∪ V ′2)). If x ∈
(V ′2 ∩ N+(c1)), then we observe that N−(x) ⊇ V ′3 ∪ {a1, c1}, and we arrive at the contradiction d−(x)r + 1.
Subcase 3.1.4: Let N−(a1)∩ V ′2 = ∅ and N−(a1)∩ V ′3 = ∅. This implies N+(c1)∩ V ′2 = ∅ and N+(c1)∩ V ′1 = ∅.
If there is an arc from N+(c1) ∩ V ′1 to N−(a1) ∩ (V ′2 ∪ V ′3) or from N+(c1) ∩ V ′2 to N−(a1) ∩ V ′3, then a1b1 is
contained in a 6-cycle. Therefore, we assume next that (N−(a1)∩V ′3) → (N+(c1)∩ (V ′1 ∪V ′2)) and (N−(a1)∩V ′2) →
(N+(c1) ∩ V ′1). The r-regularity of D yields (N+(c1) ∩ V ′1) → ((V ′3 − N−(a1)) ∪ (V ′2 − N−(a1)) ∪ {b1}). Since|N−(a1)∩V ′2| + |N+(c1)∩V ′2|r − 1, it follows that |N−(a1)∩V ′3| + |N+(c1)∩V ′1|r − 1. If x ∈ (N+(c1)∩V ′2),
then we deduce that N−(x) ⊇ (N−(a1) ∩ V ′3) ∪ (N+(c1) ∩ V ′1) ∪ {a1, c1}, and we arrive at the contradiction
d−(x) |N−(a1) ∩ V ′3| + |N+(c1) ∩ V ′1| + 2r + 1.
Subcase 3.2: Let c1 → b1.
Subcase 3.2.1: Let N−(a1) ∩ V ′2 = V ′2. This implies N+(c1) ∩ V ′1 = V ′1. If there is an arc from V ′1 to V ′2, then a1b1
is contained in a 6-cycle. It remains the case that V ′2 → V ′1. The r-regularity of D implies V ′1 → V ′3. If there is an arc
from V ′3 to V ′2, then a1b1 is contained in a 7-cycle. If not, then V ′2 → V ′3. If x ∈ V ′3, then we arrive at the contradiction
d−(x)r + 1.
Subcase 3.2.2: Let N−(a1) ∩ V ′3 = V ′3 and (N+(c1) − {a1, b1}) ⊂ V ′2. If there is an arc from V ′2 ∩ N+(c1) to V ′3,
then a1b1 is contained in a 6-cycle. Therefore, it remains the case that V ′3 → (V ′2 ∩ N+(c1)). If x ∈ (V ′2 ∩ N+(c1)),
then we arrive at the contradiction d−(x)r + 1.
Subcase 3.2.3: Let N−(a1)∩V ′3 =V ′3 and N+(c1)∩V ′1 =V ′1. If there is an arc from V ′1 to V ′3, then a1b1 is contained
in a 6-cycle. Therefore, it remains the case that V ′3 → V ′1. The r-regularity implies V ′1 → V ′2. If there is an arc from V ′2
to V ′3, then a1b1 is contained in a 7-cycle. If not, then we arrive at the contradiction d+(x)r + 1 for each x ∈ V ′3.
Subcase3.2.4:LetN−(a1)∩V ′3=V ′3,N+(c1)∩V ′1 = ∅, andN+(c1)∩V ′2 = ∅. If there is an arc fromN+(c1)∩(V ′1∪V ′2)
to V ′3, then a1b1 is contained in a 6-cycle. Therefore, it remains the case that V ′3 → (N+(c1) ∩ (V ′2 ∪ V ′1)). If x ∈
(V ′2 ∩ N+(c1)), then we arrive at the contradiction d−(x)r + 1.
Subcase 3.2.5: Let N−(a1) ∩ V ′2 = ∅, N−(a1) ∩ V ′3 = ∅, and N+(c1) ∩ V ′1 = V ′1. If there is an arc from V ′1 to
N−(a1)∩(V ′2∪V ′3), then a1b1 is contained in a 6-cycle. Therefore, it remains the case that (N−(a1)∩(V ′2∪V ′3)) → V ′1.
If there is an arc from a2 to N−(a1) ∩ V ′2, then we are done by Case 1. If not, then for x ∈ (N−(a1) ∩ V ′2), we have
N+(x) ⊇ (V ′1 ∪ {a1, a2, c1}), and we arrive at the contradiction d+(x)r + 1.
Subcase 3.2.6: Let N−(a1) ∩ V ′2 = ∅, N−(a1) ∩ V ′3 = ∅, and N+(c1) ∩ V ′2 = ∅. If there is an arc from N+(c1) ∩
V ′1 to N−(a1) ∩ (V ′2 ∪ V ′3) or from N+(c1) ∩ V ′2 to N−(a1) ∩ V ′3, then a1b1 is contained in a 6-cycle. Therefore,
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we assume next that (N−(a1)∩V ′3) → (N+(c1)∩ (V ′1 ∪V ′2)) and (N−(a1)∩V ′2) → (N+(c1)∩V ′1). The r-regularity
of D yields (N+(c1) ∩ V ′1) → ((V ′3 − N−(a1)) ∪ (V ′2 − N−(a1)) ∪ {b1}). If there is an arc from V ′3 − N−(a1)
to N−(a1) ∩ V ′2 or from V ′2 − N−(a1) to N−(a1) ∩ V ′3, then a1b1 is contained in a 7-cycle. It remains the case that
(N−(a1)∩V ′2) → (V ′3−N−(a1)) and (N−(a1)∩V ′3) → (V ′2−N−(a1)). Since |N−(a1)∩V ′2|+|N+(c1)∩V ′2|r−1,
it follows that |N−(a1)∩V ′3|+ |N+(c1)∩V ′1|r −2. If x ∈ (N+(c1)∩V ′2), then we deduce that N−(x)= (N−(a1)∩
V ′3)∪ (N+(c1)∩V ′1)∪{a1, c1}. The r-regularity of D leads to (N+(c1)∩V ′2) → (V ′3 −N−(a1)). If y ∈ (V ′3 −N−(a1)),
then we conclude that
N−(y) ⊇ (N+(c1) ∩ V ′1) ∪ (N+(c1) ∩ V ′2) ∪ (N−(a1) ∩ V ′2) ∪ {a1}.
This leads to the contradiction d+(y)r + 1 unless N−(a1) ∩ V ′2 consists of one vertex w.
We deduce that there exists exactly one vertex in V ′3, say y, such that a1 → y. If now x ∈ (V ′3 − {y}), then we have
N+(x) ⊇ (V ′2 − {w}) ∪ (N+(c1) ∩ V ′1) ∪ {a1}. This yields the contradiction d+(x)r + 1 unless |N+(c1) ∩ V ′1|1.
If |N+(c1) ∩ V ′1| = 1, then, for x ∈ (N+(c1) ∩ V ′2), we have N−(x) ⊇ (V ′3 − {y}) ∪ (N+(c1) ∩ V ′1) ∪ {a1, c1} and
thus d−(x)r + 1, a contradiction.
Finally, letN+(c1)∩V ′1=∅. This impliesN+(c1)∩V ′2=V ′2−{w}. SinceD is r-regular, we deduce that (V ′2−{w}) →
(V ′1 ∪ {a2, y}). If there is an arc from V ′1 to V ′3 − {y} or to w, then a1b1 is contained in a 7-cycle. Otherwise, we have
((V ′3 − {y}) ∪ {w}) → V ′1. If there is an arc from a2 to w, then we are done by Case 1. If not, then N−(a2) = V2. It
follows that a2 → y, and soN−(y)=(V ′2−{w})∪{a1, a2}. Hence, y → V ′1. If x ∈ V ′1, then we haveN−(x) ⊇ V ′2∪V ′3
and so the contradiction d−(x)2r − 2r + 1. This completes the proof of Theorem 2.3. 
Theorems 2.1, 2.2, and 2.3 give support to the following conjecture.
Conjecture 2.4. If D is a regular 3-partite tournament, then every arc of D is contained in an m-, (m + 1)-, or
(m + 2)-cycle for each m ∈ {3, 4, . . . , |V (D)| − 2}.
3. The existence of a 6-cycle
In 1999, Yeo [7] proved that every regular c-partite tournament is vertex pancyclic when c5. In addition, Yeo [8]
proved that all, except possibly a ﬁnite number, regular 4-partite tournaments are vertex pancyclic. Example 1.2 shows
that these statements are not valid for regular 3-partite tournaments in general. Thus, one can ask the question: which
cycle lengths exist in all regular 3-partite tournaments? The next three known results show that every regular 3-partite
tournament contains cycles of lengths 3, |V (D)| − 3, and |V (D)|.
Theorem 3.1 (Bondy [1]). Each strong c-partite tournament contains an m-cycle for each m ∈ {3, 4, . . . , c}.
Theorem 3.2 (Yeo [6]). Every regular multipartite tournament is Hamiltonian.
AdigraphD is cycle complementary if there exist two vertex disjoint cyclesC andC′ such thatV (D)=V (C)∪V (C′).
Theorem 3.3 (Volkmann [4]). If D is a regular 3-partite tournament with |V (D)|9, then D contains two comple-
mentary cycles of length 3 and |V (D)| − 3.
In this section, we shall prove that each regular 3-partite tournament with at least 6 vertices contains a cycle of
length 6.
Theorem 3.4. If D is an r-regular 3-partite tournament with r2, then D contains a 6-cycle.
Proof. If r = 2 or 3, then, in view of Theorems 3.2 and 3.3, D has a 6-cycle. Hence, we assume in the following that
r4. Let V1 = {a1, a2, . . . , ar}, V2 = {b1, b2, . . . , br}, and V3 = {c1, c2, . . . , cr} be the partite sets of D. In view of
Theorem 2.3, there exists a 5-, 6-, or 7-cycle. If there exists a 6-cycle, then we are done.
If D has a 7-cycle C7, then we shall show that there exists a 5- or 6-cycle.
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Firstly, let C7 = a1b1c1b2c2b3c3a1. If a1 → b2, then there is the 5-cycle a1b2c2b3c3a1. If c2 → a1, then there is
the 5-cycle c2a1b1c1b2c2. If b1 → c2, then there is the 5-cycle b1c2b3c3a1b1. In the remaining case, there exists the
5-cycle c2b1c1b2a1c2.
Secondly, let C7 = a1b1c1a2c2b2c3a1. If c3 → b1, then there is the 6-cycle c3b1c1a2c2b2c3. If b1 → c2, then there
is the 5-cycle b1c2b2c3a1b1. If a2 → b2, then there is the 6-cycle a2b2c3a1b1c1a2. If b2 → a1, then there is the 6-cycle
b2a1b1c1a2c2b2. In the remaining case, there exists the 6-cycle a1b2a2c2b1c3a1.
Thirdly, let C7 = a1b1c1b2c2a2c3a1. If a1 → b2, then there is the 5-cycle a1b2c2a2c3a1. If c2 → a1, then there is
the 5-cycle c2a1b1c1b2c2. If b1 → c2, then there is the 5-cycle b1c2a2c3a1b1. In the remaining case, there exists the
5-cycle a1c2b1c1b2a1.
Now we discuss the case that D contains a 5-cycle C = C5. If, without loss of generality, C = a1b1c1b2c2a1, then
let V ′1 = V1 − {a1}, V ′2 = V2 − {b1, b2}, and V ′3 = V3 − {c1, c2}.
Case 1: Let a1 → c1. If there is a vertex x ∈ ((N−(a1) − V (C)) ∩ (N+(c2) − V (C))), then xa1b1c1b2c2x is a
6-cycle. Therefore, we assume in the following that (N−(a1) − V (C)) ∩ (N+(c2) − V (C)) = ∅. If there is an arc xy
from N+(c2) − V (C) to N−(a1) − V (C), then c2xya1c1b2c2 is a 6-cycle. Thus, it remains the case that
(N−(a1) − V (C))(N+(c2) − V (C)). (4)
Subcase 1.1: Let N−(a1)−V (C) ⊆ V ′2. This implies N−(a1)∩V ′2 =V ′2, a1 → V ′3, b2 → a1, N+(c2)−V (C) ⊆ V ′1,
and V ′2 → c2. From (4) we deduce that V ′2 → (N+(c2) ∩ V ′1). Combining this with the r-regularity of D we see that
there exists exactly one vertex u ∈ V ′1 with the property that N+(c2)∩V ′1 =V ′1 −{u}, (V ′3 ∪{c1}) → V ′2, and c2 → b1.
If there is an arc b2x with x ∈ V ′3, then we have the 6-cycle b2xya1b1c1b2, where y ∈ V ′2. Thus, we assume that
V ′3 → b2. If there is an arc xb2 with x ∈ (V ′1 − {u}), then there is the 6-cycle xb2c2b1c1yx, with y ∈ V ′2. So, assume
next that b2 → (V ′1 − {u}). The r-regularity of D yields (V ′1 − {u}) → c1, and this leads to the 6-cycle a1xyzc1b2a1
with x ∈ V ′3, y ∈ V ′2, and z ∈ (V ′1 − {u}).
Subcase 1.2: LetN−(a1)−V (C) ⊆ V ′3 andN+(c2)−V (C) ⊆ V ′2. This impliesN−(a1)∩V ′3=V ′3,N+(c2)∩V ′2=V ′2,
b2 → a1, c2 → b1, a1 → V ′2, and V ′1 → c2. It follows from (4) that V ′3 → V ′2. Hence, the r-regularity of D yields
V ′2 → (V ′1 ∪ {c1}) and thus, c1 → V ′1. If there is an arc yb1 with y ∈ V ′1, then there is the 6-cycle a1xyb1c1b2a1
with x ∈ V ′2. If not, then we have b1 → V ′1. The r-regularity of D leads to V ′1 → b2, and we have found the 6-cycle
a1b1c1yb2c2a1 with y ∈ V ′1.
Subcase 1.3: Let N−(a1) − V (C) ⊆ V ′3 and N+(c2) − V (C) ⊆ V ′1. This implies N−(a1) ∩ V ′3 = V ′3, b2 → a1,
a1 → V ′2, and V ′2 → c2. According to (4), we see that V ′3 → (N+(c2) ∩ V ′1). If there is an arc c1x with x ∈
(N+(c2) ∩ V ′1), then the r-regularity leads to x → b2, and we have the 6-cycle a1b1c1xb2c2a1. Thus, we assume that
(N+(c2) ∩ V ′1) → c1. Again, the r-regularity yields |N+(c2) ∩ V ′1| = r − 2 and thus, c2 → b1. Consequently, there is
the 6-cycle a1wc2b1c1b2a1, where w ∈ V ′2.
Subcase 1.4: Let N−(a1) − V (C) ⊆ V ′3, N+(c2) ∩ V ′1 = ∅, and N+(c2) ∩ V ′2 = ∅. This implies N−(a1) ∩ V ′3 = V ′3
and a1 → V ′2. We deduce from (4) that V ′3 → (N+(c2) ∩ (V ′1 ∪ V ′2)). The r-regularity yields (N+(c2) ∩ V ′2) → V ′1
and thus, (N+(c2) ∩ V ′1) → c1. Consequently, there exists the 6-cycle a1uvc1b2c2a1, where u ∈ (N+(c2) ∩ V ′2) and
v ∈ (N+(c2) ∩ V ′1).
Subcase 1.5: LetN−(a1)∩V ′2 = ∅,N−(a1)∩V ′3 = ∅, andN+(c2)−V (C) ⊆ V ′1. This implies (N−(a1)∩V ′2) → c2,
and (4) yields (N−(a1)∩(V ′2∪V ′3)) → (N+(c2)∩V ′1). If u ∈ (N−(a1)∩V ′2), thenN+(u) ⊇ (N+(c2)∩V ′1)∪{a1, c2}.
Hence, the r-regularity of D shows that |N+(c2) ∩ V ′1| = r − 2, c2 → b1, and V ′3 → (N−(a1) ∩ V ′2). If w ∈
(N−(a1)∩V ′3), then N+(w) ⊇ (N+(c2)∩V ′1)∪ (N−(a1)∩V ′2)∪{a1}.The r-regularity leads to b1 → (N−(a1)∩V ′3).
Let x ∈ (N+(c2) ∩ V ′1). If c1 → x, then it follows from the r-regularity that x → b2 and we arrive at the 6-cycle
a1b1c1xb2c2a1. However, if x → c1, then there is the 6-cycle b1wxc1b2c2b1 with w ∈ (N−(a1) ∩ V ′3).
Subcase 1.6: Let N−(a1) ∩ V ′2 = ∅ and N−(a1) ∩ V ′3 = ∅. Since N+(c2) − V (C) ⊆ V ′2 − N−(a1) is impossible,
it remains the case that N+(c2) ∩ V ′1 = ∅ and N+(c2) ∩ V ′2 = ∅. This implies (N−(a1) ∩ V ′2) → c2 and a1 →
((V ′2 ∪ V ′3) − N−(a1)). We conclude from (4) that (N−(a1) ∩ V ′3) → (N+(c2) ∩ (V ′1 ∪ V ′2)) and (N−(a1) ∩ V ′2) →
(N+(c2) ∩ V ′1). Let x ∈ (N+(c2) ∩ V ′1). If b1 → x, then the r-regularity yields x → c1, and we arrive at the 6-
cycle a1b1xc1b2c2a1. If c1 → x, then x → b2, and there is the 6-cycle a1b1c1xb2c2a1. Therefore, we assume in the
following that (N+(c2)∩V ′1) → {b1, c1}. If there is an arc xy with x ∈ ((V ′2 ∪V ′3)−N−(a1)) and y ∈ (N+(c2)∩V ′1),
then we arrive at the 6-cycle a1xyc1b2c2a1. It remains the case that (N+(c2) ∩ V ′1) → ((V ′2 ∪ V ′3) − N−(a1)). Since|N−(a1)∩V ′2| + |N+(c2)∩V ′2|r − 2, it follows that |N−(a1)∩V ′3| + |N+(c2)∩V ′1|r − 2. If u ∈ (N+(c2)∩V ′2),
then we observe that N−(u) ⊇ (N−(a1) ∩ V ′3) ∪ (N+(c2) ∩ V ′1) ∪ {a1, c2} and thus, |N−(a1) ∩ V ′3| + |N+(c2) ∩
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V ′1| = r − 2 and c2 → b1. If there is a vertex w ∈ (N−(a1) ∩ V ′3) such that b1 → w, then we arrive at the 6-cycle
b1wzc1b2c2b1, where z ∈ (N+(c2) ∩ V ′1). Otherwise, we have (N−(a1) ∩ V ′3) → b1. This implies that N−(b1) ⊇
(N−(a1) ∩ V ′3) ∪ (N+(c2) ∩ V ′1) ∪ {a1, c2}, and because of |N−(a1) ∩ V ′3| + |N+(c2) ∩ V ′1| = r − 2, it follows that
b1 → ((V ′3−N−(a1))∪(V ′1−N+(c2))∪{c1}) and |V ′3−N−(a1)|+|V ′1−N+(c2)|=r−1. SinceN+(c2)∩V ′1 = ∅ and
N−(a1)∩V ′3 = ∅, we observe that V ′3 −N−(a1) = ∅ and V ′1 −N+(c2) = ∅. If (V ′1 −N+(c2)) → (V ′3 −N−(a1)), then
we obtain (V ′1 ∪ {a1, b1}) → (V ′3 − N−(a1)), a contradiction to the r-regularity of D. Hence, there exist two vertices
u ∈ (V ′3 − N−(a1)) and v ∈ (V ′1 − N+(c2)) such that u → v. If v → b2, then there is the 6-cycle a1b1uvb2c2a1. In
the remaining case that b2 → v, we arrive at the 6-cycle a1b1c1b2vc2a1.
Case 2: Let c1 → a1 and b2 → a1. If there is a vertex x ∈ (N+(c1)−V (C))∩(N−(b2)−V (C)), then c1xb2c2a1b1c1
is a 6-cycle. Thus, assume in the following that (N+(c1) − V (C)) ∩ (N−(b2) − V (C)) = ∅. If there is an arc xy from
N+(c1) − V (C) to N−(b2) − V (C), then c1xyb2a1b1c1 is a 6-cycle. Thus, it remains the case that
(N−(b2) − V (C))(N+(c1) − V (C)). (5)
Subcase 2.1: Let N+(c1)−V (C) ⊆ V ′2. This implies N+(c1)∩V ′2 =V ′2. Since N−(b2)−V (C) ⊆ V ′3 is impossible,
we deduce that N−(b2) ∩ V ′1 = ∅. It follows from (5) that (N−(b2) ∩ V ′1) → V ′2. Let x ∈ (N−(b2) ∩ V ′1). If
c1 → x, then c1xb2c2a1b1c1 is a 6-cycle. If not, then we note that (N−(b2) ∩ V ′1) → c1. The r-regularity of D yields
b1 → (N−(b2) ∩ V ′1), and we arrive at the 6-cycle a1b1xc1b2c2a1 with x ∈ (N−(b2) ∩ V ′1).
Subcase 2.2: Let N+(c1)−V (C) ⊆ V ′1 such that N+(c1)∩V ′1 =V ′1 −{u}. This implies N−(b2)−V (C)=V ′3 ∪ {u}
and b2 → (V ′1 − {u}). From (5) we deduce that V ′3 → (V ′1 − {u}). The r-regularity of D yields (V ′1 − {u}) → c2, and
we have found the 6-cycle a1b1c1b2xc2a1 with x ∈ (V ′1 − {u}).
Subcase 2.3: Let N+(c1) ∩ V ′1 = ∅ and N+(c1) ∩ V ′2 = ∅. Since N−(b2) − V (C) ⊆ V ′3 and N−(b2) − V (C) ⊆
V ′1−N+(c1) is impossible, we deduce thatN−(b2)∩V ′1 = ∅ andN−(b2)∩V ′3 = ∅. It follows that b2 → (N+(c1)∩V ′1).
Furthermore, (5) implies (N−(b2) ∩ V ′3) → (N+(c1) ∩ (V ′1 ∪ V ′2)) and (N−(b2) ∩ V ′1) → (N+(c1) ∩ V ′2). If there
is an arc xc2 with x ∈ (N+(c1) ∩ V ′1), then a1b1c1b2xc2a1 is a 6-cycle. Thus, we assume in the following that
c2 → (N+(c1) ∩ V ′1).The fact that |N−(b2) ∩ (V ′1 ∪ V ′3)| = r − 1 and the r-regularity yield (N+(c1) ∩ V ′2) →
(N+(c1)∩V ′1). Since |N+(c1)∩V ′1| + |N−(b2)∩V ′1|r − 1, it follows that |N+(c1)∩V ′2| + |N−(b2)∩V ′3|r − 2.
If x ∈ (N+(c1) ∩ V ′1), then we observe that N−(x) ⊇ (N−(b2) ∩ V ′3) ∪ (N+(c1) ∩ V ′2) ∪ {c1, b2, c2}, and we obtain
the contradiction d−(x)r + 1.
Case 3: Let c1 → a1, a1 → b2, and c2 → b1. If there is a vertex x ∈ ((N+(b1) − V (C)) ∩ (N−(c1) − V (C))),
then b1xc1b2c2a1b1 is a 6-cycle. Thus, assume in the following that (N+(b1) − V (C)) ∩ (N−(c1) − V (C)) = ∅. If
there is an arc xy from N+(b1) − V (C) to N−(c1) − V (C), then b1xyc1b2c2b1 is a 6-cycle. Thus, assume in the
following that (N−(c1) − V (C))(N+(b1) − V (C)). If N+(b1) − V (C) ⊆ V ′1, then N+(b1) ∩ V ′1 = V ′1 and we
arrive at the contradiction N−(c1) − V (C) ⊆ V ′2. Since N+(b1) − V (C) ⊆ V ′3 is impossible, it remains the case
that N+(b1) ∩ V ′1 = ∅ and N+(b1) ∩ V ′3 = ∅ as well as N−(c1) ∩ V ′1 = ∅ and N−(c1) ∩ V ′2 = ∅. Because of
(N−(c1) ∩ V ′2) → (N+(b1) ∩ (V ′1 ∪ V ′3)), the r-regularity implies ((V ′3 − N+(b1)) ∪ (V ′1 − N+(b1)) ∪ {a1, c2}) →
(N−(c1)∩V ′2). Since |N+(b1)∩V ′1|+ |N−(c1)∩V ′1|r − 1, we deduce that |N−(c1)∩V ′2|+ |N+(b1)∩V ′3|r − 1.
If x ∈ (N−(c1) ∩ V ′1), then we observe that N+(x) ⊇ (N+(b1) ∩ V ′3) ∪ (N−(c1) ∩ V ′2) ∪ {b1, c1} and so we arrive at
the contradiction d+(x)r + 1.
Case 4: Let c1 → a1, a1 → b2, and b1 → c2. If there is a vertex x ∈ ((N−(a1)−V (C))∩ (N+(c2)−V (C))), then
xa1b1c1b2c2x is a 6-cycle. Therefore, we assume in the following that (N−(a1) − V (C)) ∩ (N+(c2) − V (C)) = ∅.
If there is an arc a2b3 from N+(c2) ∩ V ′1 to N−(a1) ∩ V ′2, then we deduce that b3 → c2. If a2 → b1, then there
exists the 6-cycle a2b1c1a1b2c2a2. If b1 → a2, then we have the 5-cycle c2a2b3a1b1c2 such that b3 → c2, c2 → a1,
and b1 → a2. Consequently, according to Case 3, we are done. Thus, in the following it remains to investigate
the case that
(N−(a1) ∩ V ′2) → (N+(c2) ∩ V ′1). (6)
Next assume that there is an arc a2c3 from N+(c2) ∩ V ′1 to N−(a1) ∩ V ′3. If a2 → b1, then there exists the 6-cycle
a2b1c1a1b2c2a2. If b1 → a2, then we have the 5-cycle b1c2a2c3a1b1 such that b1 → a2. Consequently, according to
Case 1, we are done. Thus, in the following it remains to investigate the case that
(N−(a1) ∩ V ′3) → (N+(c2) ∩ V ′1). (7)
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Case 4.1: Let N−(a1)−V (C) ⊆ V ′3. This implies N−(a1)∩V ′3 =V ′3, N+(c2)∩V ′1 = ∅, (V ′1 −N+(c2)) → c2, and
a1 → V ′2. From (7), we deduce that V ′3 → (N+(c2)∩V ′1). If there is a vertex x ∈ (N+(c2)∩V ′1) such that c1 → x, then
the r-regularity yields x → b2, and we arrive at the 6-cycle a1b1c1xb2c2a1. Thus, we assume that (N+(c2)∩V ′1) → c1.
If V ′1 − N+(c1) = ∅, then let y ∈ (V ′1 − N+(c2)). If there is the arc b2y, then we have the 6-cycle a1b1c1b2yc2a1.
Thus, we assume that (V ′1 −N+(c2)) → b2. If there is the arc c1y, then we have the 6-cycle a1b1c1yb2c2a1. Thus, we
assume that (V ′1 − N+(c2)) → c1. In every case, this leads to V ′1 → c1 and so, c1 → V ′2. If there is an arc uv from V ′2
to V ′1, then we arrive at the 6-cycle a1uvc1b2c2a1. It remains the case that V ′1 → V ′2. If u ∈ V ′2, then we observe that
N−(u) ⊇ V ′1 ∪ {a1, c1}, a contradiction.
Case 4.2: Let N−(a1) − V (C) ⊆ V ′2. This implies N−(a1) ∩ V ′2 = V ′2, N+(c2) ∩ V ′1 = V ′1, and a1 → V ′3. Applying
(6), we obtain V ′2 → V ′1. Let x ∈ V ′1. If there is the arc b1x, then the r-regularity yields x → c1, and we have the 6-cycle
a1b1xc1b2c2a1. Thus, we assume that V ′1 → b1. If there is the arc c1x, then there is the 6-cycle a1b1c1xb2c2a1. Thus,
we assume that V ′1 → c1. If there is an arc uv from V ′3 to V ′1, then we arrive at the 6-cycle a1uvc1b2c2a1. It remains
the case that V ′1 → V ′3. The r-regularity implies V ′3 → V ′2, and we have found the 6-cycle a1xyzb1c1a1, where x ∈ V ′3,
y ∈ V ′2, and z ∈ V ′1.
Case 4.3: Let N−(a1) ∩ V ′2 = ∅ and N−(a1) ∩ V ′3 = ∅. This implies N+(c2) ∩ V ′1 = ∅, (V ′1 − N+(c2)) → c2,
V ′2 −N−(a1) = ∅, and a1 → (V ′2 −N−(a1)). It follows from (6) and (7) that (N−(a1)∩ (V ′2 ∪V ′3)) → (N+(c2)∩V ′1).
If there is a vertex x ∈ (N+(c2) ∩ V ′1) such that c1 → x, then the r-regularity yields x → b2, and we arrive at the
6-cycle a1b1c1xb2c2a1. Thus, we assume that (N+(c2)∩V ′1) → c1. If V ′1 −N+(c2) = ∅, then let y ∈ (V ′1 −N+(c2)).
If there is the arc b2y, then there exists the 6-cycle a1b1c1b2yc2a1. Thus, we assume that (V ′1 − N+(c2)) → b2. If
there is the arc c1y, then there is the 6-cycle a1b1c1yb2c2a1. Thus, we assume that (V ′1 − N+(c2)) → c1. In every
case, this leads to V ′1 → c1 and so, c1 → V ′2. If there is an arc uv from V ′2 − N−(a1) to V ′1, then we arrive at the
6-cycle a1uvc1b2c2a1. It remains the case that V ′1 → (V ′2 − N−(a1)). If u ∈ (V ′2 − N−(a1)), then we observe that
N−(u) ⊇ V ′1 ∪ {a1, c1}, a contradiction. This completes the proof of Theorem 3.4. 
Theorems 3.1, 3.2, 3.3, and 3.4 give support to the next conjecture, and show it is valid for r-regular 3-partite
tournaments with 1r4.
Conjecture 3.5. If D is a regular 3-partite tournament, then D contains cycles of all lengths 3, 6, . . . , |V (D)|.
Example 1.3 shows that there exist regular 3-partite tournaments with vertices that are not contained in a 3-cycle.
However, one can ask the following question.
Problem 3.6. Let D be an r-regular 3-partite tournament with r3. Is every vertex of D contained in an m-cycle for
each m ∈ {6, 9, . . . , |V (D)|}?
Clearly, Theorem 3.2 shows this is valid for m = |V (D)|.
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